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an arbitrary system of intersecting brancs is discussed. 
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1 Introduction 

Intersecting branes and branes ending on branes receive much attention now |l]]— 1| in relation 
with the development of M-theory pi and its application to gauge theories |0, [12]]. However, 
the studies of Q-|]] were performed for the pure bosonic limit of the brane systems or for a 
supersymmetric description in the framework of the 'probe brane' approach only. 

In the first case they are based upon the observation that the ground state should not include 
the nontrivial expectation values of the fermions in order to keep (part of) the Lorentz invariance 
(corresponding to the configuration of the branes). Then it is possible to justify that some of 
the pure bosonic solutions preserve part of the target space supersymmetry and, just due to this 



property, saturate the Bogomolnyi bound and are thus stable (see e.g. [ 13 1 and refs. therein). 

In the second case one of the branes is treated in an the 'external field' of the other brane. 
The latter can be considered either as the solution of low energy supergravity theory [l], [|> or > 
in the frame of the superembedding approach |T|, [l^, [16[ |l7|, [jl|, as a superspace, where the 
ends of the probe brane are living M, fA pj. In such an approach the K-symmetry of the probe 
brane plays an essential role for studying the 'host' brane and the coupled system. 

Despite many successes of these approaches, it is desirable to obtain a complete and mani- 
festly supersymmetric description of interacting brane systems. 

Of course, the preservation of supersymmetry in the presence of boundaries (including the 
boundaries of open branes ending on other branes) requires the analysis of anomalies Jl9| , |2|, 
while at the classical level the boundary breaks at least half of the supersymmetry [p0| , ^l| 
H. So at that level one may search for an action for a coupled brane system, which includes 
manifestly supersymmetric bulk terms for all the branes and allows direct variations. The term 
'supersymmetric' will be used below for an action of this type. 

The main problem to be faced in a search for such an action is that the coordinate functions 
of intersecting branes (or of the open brane and host brane), which define embeddings of their 
world volumes, say 

M 1+P = (t m ), m = 0,...p and M l+P ' = (£ m '), m' = 0,...p' 

into the tangent superspace M {D I N ' 2lD/2] ) = (X^, 6^ 7 ), (m = 0, . . . D- 1, /x = 1, . . . 2^ D ^ , 
I = 1,...N): 

M 1+p eM {Dl N ' 2lD/2] ) : x^ = Jpa(C), Q^ 1 = 6^(0 

and 

M 1+ P' G M a+(D-1)\N'2WV) . X rn = gn^ q^I = @ £ / ( ^ 

should be identified at the intersection M n = M l+P n M l+P ' = (r r ), r = 0, . . . , dim(M n ) - 1: 
M n = M i+ P n M i+ P ' G M (D | 7V-2P/2]) . X ^{((t)) = !-(£(r)), 9^(C(t)) = @^^(r)). 

(1-1) 
Hence the variations 5X((), 5Q(() and 5X(£), 5Q (^) may not be considered as completely inde- 
pendent. 



Recently we proposed two procedures to solve this problem and to obtain a super symmetric 
action for an interacting brane system p2| . One of them provides the necessary identification 
Ql-l| ) by the Lagrange multiplier method (SSPE or superspace embedded action E2]). Another 
('(D-l)-brane dominance' approach or Goldstone fermion embedded (GFE) action) involves a 
(dynamical or auxiliary) space-time filling brane and uses the identification of all the Grassmann 
coordinate fields of lower dimensional branes 0(£), ©(C) with the images of the (D-l)-brane 
Grassmann coordinate fields 

8(0 = @(x(0), 6(C) = 6(x(C)). (1.2) 

We considered the general properties of the equations of motion which follows from such actions 
using the example of a superstring ending on a super-D3-brane. It was found that both ap- 
proaches are equivalent and thus justify one the other. The super-9-brane was considered as an 
auxiliary object in [22]. The study of super symmetric equations of motion for this system will 



be the subject of forthcoming paper [23| 



Here we elaborate another example of the dynamical system consisting of the fundamental 
superstring ending on the super-D9-brane. We present explicitly the action for the coupled 
system and obtain equations of motion by its direct variation. 

As the super-D9-brane is the space time-filling brane of the type IIB superspace, the GFE 
approach is most natural in this case. Moreover, the system involving the dynamical space time- 
filling brane has some peculiar properties which are worth studying (see e.g. p4[). On the other 
hand, it can be regarded as a relatively simple counterpart of the supersymmetric dynamical 



system including superbranes and supergravity (see [22] for some preliminary considerations). 

Several problems arise when one tries to find the action for a coupled system of the space- 
time filling superbrane and another super-p-brane. The main one is how to formulate the 
supersymmetric generalization of the current (or, more precisely, dual current form) distributions 
Jd-( p +i) with support localized on the brane worldvolume A4 l+P . Such distributions can be 
used to present the action of a lower dimensional brane as an integral over the D-dimensional 
space-time, or, equivalently, to the (D-l)-brane worldvolume. Then the action for the coupled 
system of the lower dimensional branes and the space-time filling brane acquires the form of an 
integral over the D-dimensional manifold and permits direct variation. 

The solution of this problem was presented in p2] and will be elaborated here in detail. 
For the space-time filling brane the world volume spans the whole bosonic part of the target 
superspace. As a consequence, it produces a nonlinear realization of the target space super- 
symmetry. The expression for the supersymmetry transformations of the bosonic current form 
distributions (which was used in pq] for the description of the interacting bosonic M-branes 



[26, ^7], |28|]) vanishes when the above mentioned identification of the Grassmann coordinates of 
the lower dimensional brane with the image of the Grassmann coordinate field of the space-time 
filling brane is imposed. This observation provides us with the necessary current distribution 
form and is the key point of our construction^ 

1 It is convenient to first adapt the description of the currents to the language of dual current forms, whose 
usefulness had been pointed out in [E9, p0[. 



The second problem is related to the fact that the distributions Jry-p-i can be used to lift 
the (p + 1) dimensional integral to the .D-dimensional one, 



£-p+i — / </d-p-i A£ p +i, (1.3) 

+p JM D 

only when the integrated {p-\- l)-form £ p +i can be considered as a pull-back of a D-dimensional 
(p + l)-form £ p +i living on M. D onto the (p + l)-dimensional surface M. 1+p £ M. D . 

Thus, e.g. the superstring Wess-Zumino form can be easily 'lifted' up to (i.e. rewritten as) 
the integral over the whole D9-brane worldvolume. However, not the entire superstring actions 
are written as an integral of a pull-back of a 10-dimensional form. For example, the kinetic term 
of the Polyakov formulation of the (super) string action 

J polyakov = j ^^^n^ = f ftm A ^n (1 . 4) 

with 

n^ = dx^n) - ide 1 t^q 1 = d^tif, u. = 1, 2 e = (r, a), 

Vmn = diag(+l, -1, . . . , -1) 

does not possess such a formulation. Moreover, it is unclear how to define a straightforward 
extension of the 2-form C 2 ° ya ° v to the whole 10-dimensional space-time. 

The same problem exists for the Dirac-Nambu-Goto and Dirac-Born-Infeld kinetic terms of 
super-Dp-branes and usual super-p-branes. 

Though it is possible to treat the 'lifting' relation ( |1.3| ) formally (see e.g. p5[ for a description 
of bosonic M-branes), to address the delicate problems of the supersymmetric coupled brane 
system it is desirable to have a version of the superstring and superbrane actions which admits 
a straightforward and explicit lifting to the whole 10-dimensional space or to the whole D9- 
brane world volume. Fortunately, such a formulation does exist. It is the so-called Lorentz 
harmonic formulation of the superstring |H]] which includes auxiliary moving frame (Lorentz 
harmonic) variables, treated as worldsheet fields. This is a geometric (in a sense the first-order) 
action which can be written in terms of differential forms without use of the Hodge operation 



[14, |D|]. The only world volume field which is not an image of a target space one is just the 
moving frame field (harmonics). However, it is possible to extend this field to an auxiliary 10- 
dimensional SO(l,9)/(SO(l, 1) x 50(8) 'sigma model', which is subject to the only condition 
that it should coincide with the 'stringy' harmonics when restricted to the string worldsheet q 

In this way we obtain a supersymmetric action for the interacting system including super- 
D9-brane and a fundamental superstring 'ending' on the D9-brane, derive the supersymmetric 
equations of motion directly from the variation of the action and study different phases of the 
coupled dynamical system. We shortly discuss as well the generalization of our approach for the 
case of an arbitrary system of intersecting branes. 

For simplicity we are working in flat target D = 10 type IIB superspace. The generaliza- 
tion to brane systems in arbitrary supergravity background is straightforward. Moreover, our 

2 Just the existence of the Lorentz harmonic actions for super-D-branes |32l K3L p4| and super-M-branes 
M, B5| guarantees the correctness of the formal approach to the action functional description of interacting 
bosonic systems p5[. 



approach allows to involve supergravity in an interacting brane system. To this end one can 
include a counterpart of the group manifold action for supergravity in the functional describing 
interacting branes instead of (or together with) the space-time filling brane action. 

In Section 2 we consider the peculiar features of an interacting system which contains a space- 
time filling brane. We describe an induced embedding of the superstring worldsheet into the 
D9-brane worldvolume. The geometric action [R3] and the geometric ('first order') form of the 
supersymmetric equations of motion for the super-D9-brane are presented in Section 3. Section 

4 is devoted to the description of the geometric (twistor-like Lorentz harmonic) action and of 
the equations of motion for the free type I IB superstring. Here Lorentz harmonic variables are 
used and the issue of supersymmetry breaking by boundaries is addressed briefly. In Section 

5 we introduce the density with support localized on the superstring worldsheet and motivate 
that it becomes invariant under D = 10 type IIB supersymmetry when the identification ( |1.2j ) 
is imposed. 

The action functional describing the interacting system of the super-D9-brane and the (in 
general open) fundamental superstring ('ending' on the super-D9-brane) is presented in Section 
6. The equations of motion of the interacting system are derived in Section 7 and analyzed 
in Section 8. The issues of kappa-symmetry and supersymmetry in the coupled system are 
addressed there. In the last Section we summarize our results and also discuss a generalization 
of our approach to an arbitrary system of intersecting branes. 

2 The space-time filling brane 

The embedding of the super-D9-brane worldvolume 

M l+9 = {x m }, m = 0,...,9 (2.1) 

into the D = 10 type II target superspace 

M (1+9|32) = {^ M ,e^,G^ 2 }, m = 0,...,9 /* = 1, . . . , 16 (2.2) 

can be described locally by the coordinate superfunctions 

X ™ = X^{x m ), B I £ = e I £(x m ), 7 = 1,2. (2.3) 

In addition, there is an intrinsic world volume gauge field living on the D9-brane world volume 

A = dx m A m {x n ). (2.4) 

For nonsingular D9-brane configurations the function X—{x m ) should be assumed to be 
nondegenerate in the sense det (d n X—(x m )) ^ 0. Thus the inverse function 

x m = x m {X^) (2.5) 



does exist and, hence, the Grassmann coordinate functions (|2.3| ) and the Born-Infeld gauge field 
(|2.4j ) can be considered as functions of X— variables. In this manner an alternative parametriza- 
tion of the D9-brane world volume is provided by 

M 1+9 ->• M {1+9132) : M l+9 = {(X^,Q I »(X^))}, A = dX^A m (X^), (2.6) 



which clarifies the fact that the D = 10, type II super-D9-brane is a theory of Volkov-Akulov 



Goldstone fermion [36] combined into a supermultiplet with the vector field A m (X—) (see [M]). 
Through the intermediate step fl2.5|), ( |2.6| ) we can define the induced embedding of the 
superstring worldsheet into the D9-brane world volume. 

2.1 Induced embedding of the superstring worldsheet 

Indeed, the embedding of the fundamental superstring worldsheet 

M W = { £(±±) } = {e (++) 5 e (— ) }j e (++) = r + CT) e (~) = r _ CTi (2 . 7 ) 

into the Z) = 10 type 1/1? target superspace A[' ' ' ( p.2j ) can be described locally by the 
coordinate superfunctions 

I ™ = ^(±±)) ] e 7 ^ = e 7 qe (±±) ), i = i,2. (2.8) 



However, using the existence of the inverse function ( |2.5| ), one can define the induced embedding 
of the worldsheet into the D9-brane world volume 



x m 



x m (0 = x m (X^(0) • (2.9) 



As superstring and super-D9-brane live in the same D = 10 type IIB superspace, we can 
use the identification of the Grassmann coordinate fields of the superstring with the images of 
the Grassmann coordinate fields of the super-D9-brane (Goldstone fermions) on the worldsheet 

@/M(£(±±)) = e^(A^(£ (±±) )), (2.10) 

or, equivalently, 

j£m^(±±)) = ^rn ^m^(±±)^ ^ q/m(^(±±)) = Q^ ^m^(±±)^ ? ( 2 .11) 

to study the interaction of the fundamental superstring with the super-D9-brane. 

The approach based on such an identification was called 'Goldstone fermion embedded' 
(GFE) in [^] because, from another viewpoint, the superstring worldsheet can be regarded as 
embedded into Goldstone fermion theory rather than into superspace. 

2.2 Tangent and cotangent space. 

The pull-backs of the basic forms (flat supervielbeine) of flat D = 10 type IIB superspace 

EP- = iF^f = (dX^ - id&a^Q 1 - ide 2 <j r -±® 2 )u^ (2.12) 

E* 1 = dO^vf, E^ = dQ 2 ^v^- (2.13) 

to the D9-brane worldvolume are defined by the decomposition on the holonomic basis dx m or 
dX^ 

dX^ = dx m d m X^(x). (2.14) 



The basic relations are 

n™ = dX*n& = dx m U^, (2.15) 

DjP = s§- z^eV^e 1 - i6»„eV^G 2 , (2.16) 

n n ^ = d n x^ - id n e 1 a^e 1 - *<9 n eV^e 2 , (2.17) 

d9^ 7 = dX ^drJdH 1 = dx m d m e^(x n ), (2.18) 

d m Q^(x n ) = d m X ^{x)drnQH I . (2.19) 

The matrices h|, u^j, involved into Eqs. ( 2.12|) , fl2.13|) take their values in the Lorentz group 



< eSO(l,D-l), (2.20) 

and in its doubly covering group Spin(l,D — 1) 

vf eSpin(l,D-l), (2.21) 

respectively and represent the same Lorentz transformations. The latter imply the relations 

U^Tg- = Vpj-a V£, «^ £ = VjiOJgVv, (2.22) 

between these matrices which reflect the invariance of the D = 10 sigma matrices under the 
Lorentz group transformations (see |3l], Q). The variables ( |2,20| ), ( |2.21|) are not necessary for 
the description of the super-D9-brane itself. However, as we shall see below, they are useful 
for the description of the coupled system including a brane 'ending' on (interacting with) the 
D9-brane. 

For that system it is important to note that the pull-backs of bosonic supervielbein forms II— 
or E- of type II B superspace can be used as a basis in the space cotangent to the world- volume 
of D9~brane. In other words, it is convenient to use the invertibility of the matrix ILr" ( |2.17| ) 
and the harmonic variables to define the covariant basis V m and the one V a of the space tangent 
to the D9-brane worldvolume by 

d = dx n d m = dX^drn = n^V m = E^Va, (2.23) 

v M = ir 1 ^ = n~ ln m d n , v„ = u a % (2.24) 



3 Geometric action and equations of motion for super-D9-brane 
3.1 Geometric action 



The geometric action for the super-D9-brane in flat D = 10, type IIB superspace is [34 



S= Ao=/ n (£? + £io + £rT) (3-1) 

Jm w Jm 10 

where 

£0 = n A10 |7 ? + F| (3.2) 



with 

\r/ + F\ = \J-det(r)rnn + Frrm), 

nA1 ° = (T^T^i-^o 11 - 1 A - A n - 10 ' ( 3 - 3 ) 

C\ = Qs A (dA -B 2 - llF* A U^F^). (3.4) 

A = dx m A m (x) is the gauge field inherent to the Dirichlet branes, B 2 represents the NS-NS 
gauge field with flat superspace value 



B 2 = iU^ A (dGV^e 1 - d® 2 a m ® 2 ) + d&a^Q 1 A dQ 2 arn_Q 2 (3.5) 

and field strength 

H 3 = dB 2 = ill- A (d& 1 arn A d<d l - d@ 2 a r!k A d6 2 ) . (3.6) 

The Wess-Zumino Lagrangian form is the same as the one appearing in the standard formulation 

|37|, mm, @g 



i 



£^ = e^ACU C = ^ n=0 C 2n , e ^=(B b n=0 ^ n , (3.7) 

where the formal sum of the RR superforms C = Cq + C 2 + ... and of the external powers of the 
2-form 

T 2 = dA - B 2 (3.8) 

(e.g. T h2 = T A T etc.) is used and |io means the restriction to the 10-superform input. Let us 
note that the restriction of the same expression (|3.7|) to the (p+ l)-form input (where p = 2k — 1 
is odd) 

C%% = e T A C\ p+1 = ® 5 n=0 C 2n A eLo^ An | P +i (3-9) 

describes the Wess-Zumino term of the super-Dp-brane of type IIB theory |37], ^, filf . This 
will be important for the description of the supersymmetric generalization of the Born-Infeld 
equations for the D9-brane gauge fields, where the D7-brane Wess-Zumino term appears. 

For most applications only the external derivative of the Wess-Zumino term is important. It 
has the form 

dC% z = e^AR\ u , R = e 5 n=0 R 2n+ u (3.10) 

with the 'vacuum' (i.e. flat target superspace) values of the Ramond-Ramond curvatures speci- 
fied as 

R = ® 5 n=0 R 2n +i = e- T A d(/ A C) = 2id0 2 ^ A dO 1 ^ A ® A n=0 a^ +l) . (3.11) 

In the action variations and expressions for currents the notion of 'dual' forms 



TT A9 = —e TT^i a a TT^d 

11™ = —t mmm Ll "....". 1.1 



1 

lC = ^«m,..m 8 n a A...An^ 1 ... (3.12) 

jrA(lO-fc) = t e TT-i A A n-( 10 - fc ) 

LL rn 1 ...m k - ^j^q _ ^, t rn 1 ...m h n 1 ...n {w _ k) ^ A ... A 11 



is useful. The list of products of the forms ( |3.12 ) includes the useful identities 

rC Aff= -n A10 e iC a rt = ng^ , 

n mn fc a n- = — iir TOn fc, n mnk i a n n = n.< mnk 5n, (3.13) 



mn u k] ' 1L mnkl ' x xl — 1L [m?ifc ;] ' 

3.2 Variation of geometrical action for D9-brane 



The simplest way to vary the geometrical action (p.l|)-( |3^ ) starts by taking the external deriva- 
tive of the Lagrangian form £10 (cf. [32, |34|]) 

dC m = (dQ s + dCf z \^ F2 ) A (F 2 - F 2 ) + (3.14) 



^Q s -U^\ V + F\(7 ] + F)- 1 ^)A(-^AU^AdF nm -iU^A(de 1 a^Ade 1 )(7 ] -F) mi + 



2 
-HIT^ A (dB 2 a^ A dQ 2 )( V + F) r _ 



+0 ((F 2 - F 2 ) A2 )^ 



where T 2 = dA - B 2 (0 and F 2 = ±IT-^ A IF-F^. Note that .F 2 - F 2 vanishes due to the 
algebraic equation which is implied by the Lagrange multiplier Q$. This is the reason why the 
terms proportional to the second and higher (external) powers of {J- 2 — F 2 ) are indicated by 
O ((F 2 - F 2 ) A2 )) but not written explicitly. 
Then we can use the seminal formula 

5C W = isd£ w + d(isC w ) (3.15) 

(usually applied for coordinate variations only) supplemented by the formal definition of the 
contraction with variation symbol 

igde 1 ' 2 ^ = se 1 ' 2 ^, i 5 ii- = 5x^ - ise^e 1 - ^e 2 r^e 2 , (3.16) 

igdA = 5 A, isdQs = 5Q$, isdF mn = 5F mn , — (3.17) 

To simplify the algebraic calculations, one notes that it is sufficient to write such a formal 
contraction modulo terms proportional to the square of the algebraic equations (the latter re- 
mains the same for the coupled system as well, because the auxiliary fields, e.g. Qg, do not 
appear in the action of other branes): 

SS D9 = ( (Q 8 -n A f v /|r / + F|(7 ? + F)- 1 M) A (_I n ^An^A<5F nm + ...) + 

+ / (<5Q 8 + ...)A(^ 2 -F 2 ) + 

+ / (dQ 8 + dCf z \ T ^F 2 ) A (5 A - i s B 2 + ffF^n^) + (3.18) 

J .M 1+9 ' 

+2i f U^J\r, + F\(r, + F)' 1 ^a mK A (d® 2 ± - dQ^-hf) U® 2v - - 5@ X ^hA + 

+i [ IimJ\r) + F\(r} + F)- 1 ^a mE A (dQ 2 » - d® lp -h p E ) A (dQ 2 ^ - dQ^hA i s U^ 



Here the terms denoted by . . . produce contributions to the equations of motion which are 
proportional to the algebraic equations and are thus inessential. 

The spin-tensor matrix h(r entering Eqs. ( |3.18| ) is related to the antisymmetric tensor F nm 
by the Cayley image relations 

hf G Spin(l,9), (3.19) 

(ha^h%„ = a^k^ = a^(r, + F)^ (rj - F) 1 ^, (3.20) 

k^ = (r 1 + F)^( V -F) l -^ = (7 ] -FU(i 1 + F)- 11 -^ G 50(1,9). (3.21) 

For more details we refer to | |34| |. 

It is important that 5 A enters the compact expression ( |3.18| ) for the variation of the super- 
D9-brane action only in the combination 

is (ft -F 2 ) = (5A- i 5 B 2 + I^Fn^ism) . (3.22) 

It can be called a supersymmetric variation of the gauge field as the condition i§ (ft — F 2 ) = 
actually determines the supersymmetric transformations of the gauge fields (cf. [|37|, |32|, [34[]). 
Together with (3.16), the expression (|3.22j) defines the basis of supersymmetric variations, whose 



use simplifies in an essential manner the form of the equations of motion. 

The formal external derivative of the Lagrangian form (3.14) can be used as well for the 



general coordinate variation of the action (3.1)-(3.4) 



5S D9 = / 5x m i m dC w , (3.23) 

where for any q-form Q q the operation i m is defined by 

(alq — -CLX A ... A CLX ^im q ...ra\ 1"mS°lq — ~, T\\ ^ A ... A ClX ^imra q —\...ra\- 

(3.24) 
For the free super-D9-brane such a variation vanishes identically when the 'field' equations 
of motion are taking into account. This reflects the evident diffeomorphism invariance of the 
action Q3.1|). It is not essential as well in the study of coupled branes in the present approach, 



while in another approach for the description of coupled superbranes [22] such variations play 
an important role. 

3.3 Equations of motion for super— D9— brane 



The equations of motion from the geometric action ( |3.1| )-( |3T4] ) split into the algebraic ones 
obtained from the variation of auxiliary fields Q% and F mn 

F 2 = dA-B 2 = F 2 = hi^ A IPF^, (3.25) 



g 8 = n^ v /|r ? + F|(r ? + F)- 1 ^ ( 3 .26) 

and the dynamical ones 

dQ 8 + dCf z ~ D7 = 0, (3.27) 

10 



*C\/\V + F\(ri + F)- 1 *V„g, A (dQ 2 ^ - dO^hf) = 0. (3.28) 

If one takes into account the expression for Qg ( 3,26| ), the identification of F with the gauge 
field strength (3.25|), as well as the expression for the D7-brane Wess-Zumino term 



dC 



WZ-D7 _ „F 



<f AR\g, 



R 



^>n=0 R 2n+l 



2ide 2 ^ a de 1 ^ A 



?n=0 cr up, 



(2n+l) 



(3.29) 



one finds that ( 3.27| ) is just the super symmetrized Born-Infeld equation. 

The fermionic equations ( 3.2SJ ) appear as a result of the variation with respect to G 2 , while 
the variation with respect to G 1 does not produce any independent equations. This fact reflects 
the Noether identity corresponding to the local fermionic /t-symmetry of the super-D9~brane 



action (3.1) 

The explicit irreducible form of the D9-brane K-symmetry transformation can be written 
with the help of the spin-tensor field h ( |3~T9| ) - ( ^2l| ) @] as 






(3.30) 



5 A = i 5 B 2 = HV^ A (S&arn AG 1 - 5G 2 arn A G 2 ) + 
+dQ 1 a^e 1 A 5Q 2 a m e 2 - SGV^Q 1 A dQ 2 a m e 2 , 

SFrnn = 2i( v - F) L]m (V^G 1 u l -5Q l - V„]Q 2 o l -5® 2 ) , SQ 8 = 



(3.31) 



The Noether identity reflecting the evident diffeomorphism invariance of the action (3.1) is 



the dependence of the equations obtained by varying the action (3A_) with respect to X— (x 



m^yjlr} + F\(rj + F)- 1 ^a^ A (dQ 2 ^ - d&^h*) A (ciG 2 ^ - dG^/i/) = 0. (3.32) 



Indeed it can be proved that Eq. ( |3.32| ) is satisfied identically, when Eq.( 3,28| ) is taken into 
account. 



Turning back to the fermionic equations ( |3.28| ), let us note that after decomposition 



where 



de 2 ^ - d& p -h»- = n^f , 



^l = V m Q 2 ^-V r n® lp -hf 



(3.33) 
(3.34) 



and V™ defined by d = dx m d m = IF^Vm (|2~23|) , (|]2j), one arrives for fljTgl) at ||] 

- iU A10 J\ V + F\a k ^i(r] + F)- 1 ^ = 0, ^ <rkju,*£(j) + ^) _1 — = 0. (3.35) 
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4 Geometric action and free equations of motion for type IIB 
superstring 

4.1 Geometric action and moving frame variables (Lorentz harmonics) 



In the geometric action for type IIB superstring [bII 14, WB 



Siib= J Ci IB = J (±E++AE--B 2 y (4.1) 

A4(i+i) A4< 1+1 ) 

the hat (as in ([P|)) indicates the fields restricted to (or living on) a superstring worldsheet ([T7]) 
^(i+i) = {£(±±)} . B 2 is the pull-back of the NS-NS gauge field with the 'vacuum' (i.e. flat 
superspace) value ( |3.5| ) which plays the role of the Wess-Zumino term in the superstring action, 
furthermore 

E ±± = tPHl^, (4.2) 

where u~ (£) are vector harmonics |4E, 31, 14, 15], i.e. two light -like vector fields entering the 



SO (1,9) valued matrix (gj|(j) 



C(0 = (^ + ,^,ny e 50(1,15-1). (4.3) 

This matrix describes a moving frame attached to the worldsheet and thus provides the pos- 
sibility to adapt the general bosonic vielbein of the flat superspace to the embedding of the 
worldsheet 

£?*■= (e ++ ,E—,E^ siF^f. (4.4) 

The properties of the harmonics ( [4.3D are collected in the Appendix A. To obtain equations 



of motion from the geometric action (4.1) it is important that the variations of the light-like 



harmonics u^ should be performed with the constraint (4.3), i.e. with 



i'%nun>^ n- { ^> ++ - = o, Knu— m = o, , (4.5) 

taken into account. The simplest way to implement this consists in solving the conditions of the 



conservation of the constraints (4.5) 



vV'm, V'mn U ri + U rn T \ ran 0U n — U 

with respect to 5un and, thus, to define a set of variations ('admissible variations' WW ) u which 
then shall be treated as independent. Some of those variations isf ++l , isf \ i&oj enter the 
expression for the admissible variations of the light-like harmonics J3l| 

6u+ + = u+ + i s u + u l m i 5 f ++l , 5u^~ = -u m ~i 5 uj + u % m isf~~\ (4.6) 



3 This is the place to note that a similar technique was used (143] and refs. therein) in the study of the G/H 
sigma model fields, appearing in the maximal D — 3, 4, 5 supergravities (G/H — E$( + g)/SO(16), E 7 ( +7 - ) /SU(8), 
E 6(+6) /USp(8)). 
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while the other isA 13 are involved in the variations of the orthogonal components of a moving 
frame 

Jt4 = -ufasA* + lug-isf—* + \u- m i 5 f ++ \d) (4.7) 



only and thus produce no inputs into the variation of the action (|4.1| ) . 

The derivatives of the harmonic variables should dealt with in the same way. 

4.2 Action variation and equations of motion 

The external derivative of the Lagrangian form £2 is 

dC{ IB = -2iE ++ A ET l A ET 1 + 2iE~ A E+ 2 A E+ 2 + (4.8) 

+itf A (S~ A /++* - £++ A /~* + ii(E+ 1 A S7 2 - Ef A i^ 1 ^) • 

Here 

f ++i = v++du**, f- % = u~du^\ (4.9) 

u = -u^du^ ++ , A** = uindu^, (4.10) 

are Cartan forms |31, H] (see Appendix A) and 

^ = de^«a =(#+,#-) (4.11) 

9 = 1,... 8, g = l,... 8, 



are pull-backs of the fermionic supervielbein forms which, together with ( |4.4j ), form a basis of 
the flat target superspace. They involve the spinor harmonics (Ig, |3l| 

*f=(«2"^) e Spm(l,9) (4.12) 

which represent the same Lorentz rotation (relating the 'coordinate frame' II—, dQ- of the 
target superspace with the arbitrary frame E-, E— 1 ) as the vector harmonics fl4.3| ) and, hence, 



are connected with them by Eqs. (2.22). The latter include in particular the relations 



U m +( # = 2v m V M ' U in °fu = 2^ «^ , <,ag, = 2t; { + 7^ t^ , (4. 13) 



which were used to write dC^ m a compact form (4.8). For further details concerning harmonics 



we refer to Appendix A and to the original references 1 4£ , |3l], Q 



Now one can calculate the variation of the action ( t4.l|) of closed type I IB superstring from 
the expression (|4.8|) using the technique described in Section 2.2 






| i^ /B = J -Pa^E— is f ++i -E ++ i s f— •* + ...) + 

4(1+1) x(i+i) 

| (M^n^ + 2^\ + A^\ + UM --2ii 2 rA J E 2 rn++)i (5 n^+ (4.14) 

:i+i) 



X(i+i) 



_A/f(i+i) 
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Here 



U'> = lir- A f ++l - \E ++ A f— { + 2iE x + A j^E 1 ! - 2iE 2 + A 7 t d E 2 r 



and the dots in the first line denote the terms 



'11 9 



(4.15) 



f++%E--f—%E ++ +4i (E'+^v^ + E\ 1 ^v+) 5@ l H-Ai (£ 2 +7^ + E^^-v* 



5e 2 » 



which produce contributions proportional to E % into the action variation. They are essential 
only when we search for the ^-symmetry of the free type IIB superstring action. 

It is worth mentioning that, in contrast to the standard formulation | |20| |, the geometric action 
(|4.1|) possesses the irreducible K-symmetry whose transformation is given by (cf. [Ml, [i~5||) 



8QH 1 - *+«* * 



sea 2 = k-%^ 



K^V q , uv- -n, -v q , 



5x^ = ise^a^e^. 1 + ise^a^e^ 2 

-L . „J Li' •>' ^ _ r- ^ _ ' 

/,./ = 2 



« + = ^sf ++ %v- 4 



5v 



m 2 %& * ^ii v M 



(4.16) 



(4.17) 



5ul 



^ra^il 



5u r , 



1 



u m l SJ j "^m — n U m ' l SJ T n ^ m *<5j > 



III O l£i 



1 

i 
9 ~" m 



(cf. Appendix A) with isf ++t ,igf l determined by 



++i 



E^isf—'-E—isf 

= U (E 1+ ^ -v ' + E x rrf .% +) Se 1 ^ - Ai fi; 2+ V -v~ + E 2 ~^ -v + ) 5® 2 ± 

^° y^ q lqq u fj,q ~ q '11 m j \ 1 "ll M9 9 Hi M J 



(4.18) 



The equations of motion for the free closed type IIB superstring can be extracted easily 
from ( |4.14| ) 

E? = tPHj^ = 0, (4.19) 






E ++ AE l - = 0. 



(4.20) 
(4.21) 
„ v.. (4.22) 

where Mj, E ±± , E 2 + , E l - are defined in ( p^|) , (|4^ ), (|4TT| ), respectively. 



A£ 2 



0, 



4.3 Linearized fermionic equations 



The proof of equivalence of the Lorentz harmonic formulation (4.1) with the standard action 



of the Green-Schwarz superstring has been given in [31]. To make this equivalence intuitively 
evident, let us consider the fermionic equations of motion ( 4.21[ ), ( [4.22 ) in the linearized approx- 
imation, fixing a static gauge 



X±±^ X rn u ±± =i {±±)^ 



(4.23) 
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Moreover, we use the Ac-symmetry ( [4.16 ) to remove half the components O 1 ^ = 0- 7) + 



2- 



®~ ^ud ' °f * ne Grassmann coordinate fields 



e 1 ^ = e^v + = 0, e 2 r = e^ - = o. (4.24) 



Thus we are left with 8 bosonic and 16 fermionic fields 

P = xm£, e 1 - = ez x v~ 4 , © 2 + = ©h\+ (4.25) 

In the linearized approximation all the inputs from the derivatives of harmonic variables (i.e. 
Cartan forms ( |4.9| ), ( (4.10J )) disappear from the fermionic equations for the physical Grassmann 
coordinate fields. Thus we arrive at the counterpart of the gauge fixed string theory in the 
light-cone gauge. Then it is not hard to see that Eqs. ( 4.21 ), ( 4.22J ) reduce to the opposite 
chirality conditions for physical fermionic fields 



9— e 1 ^ = 0, 3++0 2 + = 0. (4.26) 

To obtain the bosonic equations, the derivatives of the harmonics (Cartan forms ([4.9|)) must 
be taken into account. After exclusion of the auxiliary variables one obtains that Eqs. fl4.19| ), 



(|4.20[) reduce to the usual free field equations for 8 bosonic fields X % (see Appendix B for details) 

d__d ++ X* = 0. (4.27) 



4.4 Geometric action with boundary term 

To formulate the interaction of the open superstring with the super-D9-brane we have to add 
to the action (|4.1| ) the boundary term which describes the coupling to the gauge field A = 
dx m A m (x) inherent to the D9-brane (see (|J), |T7|), dU), (!!))• Thus the complete action for 
the open fundamental superstring becomes (cf. |J) 

Si = S IIB + S b = J C 2 = J (-E++ A E— - B 2 ^j + J A. (4.28) 

M(i+i) -A/!(i+i) dM^+V 



The variation of the action ( |4.28| ) differs from J i$dC 2 IB in (4.14) by boundary contributions. 



In the supersymmetric basis ( |3,16D , ( |3.22j ) the variation becomes 

5S! = f i s dC{ IB + f i 5 {Ti - F 2 ) + 

Jm 1+1 JdM 1+1 

+ / ( \e ++ u~ - \e—u++ - U^F nm ) i s lF±. (4.29) 

JdM^ 1 \2 — 2 — — / 

It is worth mentioning that no boundary contribution with variation S& appears. This does 
not contradict the well-known fact that the presence of a worldsheet boundary breaks at least a 
half of the target space N = 2 supersymmetry. Indeed, for the supersymmetry transformations 

5 susy X^ = eV^e 7 , 5 susy e^ = e 1 ^ (4.30) 
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the variation igU— is nonvanishing and reads 

i Ssusy n^ = 25 susy X^ = 2Q I a^e I . (4.31) 

Imposing the boundary conditions -(£(t)) = -(£(t)) one arrives at the conservation of 
N = 1 supersymmetry whose embedding into the type IIB supersymmetry group is defined 
by e^ = — e^ . Actually these conditions provide z^II— (£(r)) = and, as a consequence, the 
vanishing of the variation ( 4.29[ ) (remember that the supersymmetry transformations of the 



gauge fields are defined by i(,{Ti — F<i) = 0). 

The above consideration in the frame of the Lorentz harmonic approach results in the inter- 
esting observation that the supersymmetry breaking by a boundary is related to the 'classical 



reparametrization anomaly': indeed the second line of the expression (4.29|), which produces the 



nonvanishing variation under N = 2 supersymmetry transformation with ( [4.31 ), contains only 



i^II— , which can be regarded as parameters of the reparametrization gauge symmetry of the 
free superstring (isll—u^ 1 ) and free super-D3-brane (i^II— ), respectively. 

There exists a straightforward way to keep half of the rigid target space supersymmetry 
of the superstring-super-D9-brane system by incorporation of the additional boundary term 
J&A/ji+i 4>ift (@ -(£( r )) ~~ © -(£( r ))) with a Grassmann Lagrange multiplier one form 4>i^ (see 



Appendix A in |2^]). However, following ||, g, 22|, we accept in our present paper the 'soft' 
breaking of the supersymmetry by boundaries at the classical level (see |19|, 0] for symmetry 
restoration by anomalies). We expect that the BPS states preserving part of the target space 
supersymmetry will appear as particular solutions of the coupled superbrane equations following 
from our action. 



5 Current forms and unified description of string and D9-brane 

5.1 Supersymmetric current form 

For a simultaneous description of super-D9-brane and fundamental superstring, we have to 
define an 8-form distribution Jg with support on the string worldsheet. In the pure bosonic case 
(see e.g. J25| ) one requires 



where 



£ 2 = / J 8 A£j, (5-1) 

A^i+i JM 1+g 

C 2 = hx^ A dX^C^X 1 -) (5.2) 

is an arbitrary two-form in the D = 10 dimensional space-time A4 and 

£ 2 = \dX^{0 A dX^)£mn(X^)) (5.3) 

is its pull-back onto the string worldsheet. 

It is not hard to verify that the appropriate expression for the current form J$ is given by 



J 8 = (dX)^J^(X) = ^emm^dXSiA. • -A^s J i+i dX^(0AdXH0$ 10 (x ~ *(£)) ■ 



M 1 

(5.4) 
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Indeed, inserting (J5^|) and (|5.2| ) into r.h.s. of (|5.1[) , using ( 3.13| ) and changing the order of 



integrations, after performing the integration over d 10 X one arrives at the l.h.s. of ( |5.1| ). 

5.2 Superstring boundaries and current (non) conservation 

If the superstring worldsheet is closed (<9.M 1+1 = 0) the current J^ 2 is conserved, i.e. J 8 is a 
closed form 

dM 1+1 = => d/ 8 = 0, «• a^J 2 ^ = 0. (5.5) 

For the open (super)string this does not hold. Indeed, assuming that the 10-dimensional 
space and the D9-brane worldvolume has no boundaries dAi 1+9 = 0, substituting instead of £2 
a closed two form, say dA, and using Stokes' theorem one arrives at 



A= dA= J 8 AdA= dJgAA. (5.6) 

9x1+1 Jm 1+1 Jm 1+9 Jm 1+9 

Thus the form dJ 8 has support localized at the boundary of the worldsheet (i.e. on the worldline 
of the string endpoints). 

This again can be justified by an explicit calculation with Eqs. (5.4) and ( |3.13 ), which results 
in 

dJ 8 = -(dX)™d m J^(X) = -(dX)^jHX) (5.7) 

d m J^(X) = -j^(X), 

with 



JHX) = / dX^(r)5 w (X - X(r)\ , (5.8) 

JdM 1+1 V ' 

where the proper time r parametrizes the boundary of the string worldsheet dM 1+1 = {r}. 

Actually the boundary of superstring(s) shall have (at least) two connected components 

dAi 1+1 = ©j.MJ, each parametrized by the own proper time Tj. Then the rigorous expression 

for the boundary current (|5.7[ ), ( 5i 



is 



JHX) ee E, J Mi dX^)6 10 (X - X(tj) 



We, however, will use the simplified notations (|5.8j ) in what follows. 

It is useful to define the local density 1-form j\ on the worldsheet with support on the 
boundary of worldsheet 

h = de^u I dC{r)5 2 U ~ £(rj) , (5.9) 

which has the properties 

/ A= f dA= f jiAA= I dJ 8 AA (5.10) 

JaMi+i Jmi+i Ja^i+i Jm x + 9 

for any 1-form 

A = dX^AJ^X), 

e.g., for the D9-brane gauge field (2.4) considered in the special parametrization (2.5), (|2? 
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In the sense of the last equality in ( |5.10| ) one can write a formal relation 

dJ 8 = J 8 /\ji (5.11) 

(which cannot be treated straightforwardly as the form j% can not be regarded as pull-back of a 
10-dimensional 1-form). 

5.3 Variation of current form distributions and supersymmetry 

The variation of the form (fTj) becomes 

5J 8 = 3(dX)^d M J mx+i dX^(0 A dX^(0 (8X± - SXHO) ^° (X - X(0) - (5.12) 

-2(dX)Z f dX^{r) (dX^ - 6X*{t)) 5 10 (x - X(r)) . 

Let us turn to the target space supersymmetry transformations ( 4.30[) . For the string coor- 



dinate fields it has the form 

5x^(0 = e^ey^e 7 , <5e 7 H = e 7 ^ (5.13) 

while for the super-D9-brane it reads 

5X^{x) = e I (x)a^e I , SB^x) = e 7 ^. (5.14) 

In the parametrization (|2.6|) corresponding to the introduction of the inverse function (|2.5|) 



the transformation ( 5.14 ) coincides with the Goldstone fermion realization 



8X& = Q I (X)ae I , 5G^(X) = Q 1 ^ \X') - 6^(X) = e 1 ^ (5.15) 

Thus, if we identify the X— entering the current density ( |5.4j ) with the bosonic coordinates 
of superspace, parametrizing the super-D9-brane by (2J3), we can use ( |5.12 ) to obtain the 



supersymmetry transformations of the current density ( |5.4| ) 
5J 8 = 3(dX)^d M J dX^(0 A dX*(£) (e 7 (x) - e 7 (o) *V 5 10 (x - x(o) - (5.16) 

-2(dX)Z f dX^(r) (9 7 (X) - G 7 (r)) oV 5 W (x - X(r) 



IdM 1 

Now it is evident that the current density Q5.4J ) becomes invariant under the supersymmetry 
transformations ( 5.13J ), ( |5.14 ) after the identification 



e 7 (0 = e 7 (x{o) (5.i7) 

of the superstring coordinate fields 7 (£) with the image O 7 (X(£)J of the super-D9-brane 
coordinate field Q I {X) is implied. 



18 



5.4 Manifestly supersymmetric representations for the distribution form 

In the presence of the D9-brane whose world volume spans the whole D = 10 dimensional 
super-time, we can rewrite (|5.4[) as 



J 8 = (cfcC J nm (x) = e nmni ... m dx n i A ... A dx n * / dx m (£) A dx n (06 10 (x - x(£)) , 

2!o! JAIi+i 



(5.18) 

where the function x(£) is defined through X(£) with the use of the inverse function (|2lj|), i.e. 
1(0 = X(x(0) , cf. Q. 

Passing from ( pT4] ) to ( |5.18| ) the identity 

5 10 (X - X(0) = S 10 (X - X(x(0)) = J-^x-J 10 {x - x(0) (5-19) 

aet{ dx ) 

has to be taken into account. 

The consequences of this observation are two- fold: 

• i) We can use J$ to represent an integral over the string worldsheet as an integral over the 
D9-brane worldvolume R 



for any 2-form 



C 2 = J 8 A C 2 (5.20) 

M 1+1 ./.A/fi+9 



C 2 = ±dx m A dx n £ nm (x l ) (5.21) 



living on the D9-brane world volume 7V4 1+9 , e.g. for the field strength T 2 = dA — B 2 ([ 
of the D9-brane gauge field (|2.4j) . The pull-back 



t 2 = ^dx m (0 A dx n (0C nm (x l (0) (5.22) 



is defined in ( |5.20| ) with the use of the inverse function (2.5) 



ii) As the coordinates x n are inert under the target space supersymmetry ( 4.3C| ), the 



current density J 8 is supersymmetric invariant. Hence, when the identification ( 5.i7f ) 

e I (Z) = e I m)) (5.23) 

is made, it is possible to use Eqs. (5A), $5-2C ), ( 5.18 ) to lift the complete superstring 



action ( 4. 28]) to the 10-dimensional integral form. 



The manifestly supersymmetric form of the current density appears after passing to the 
supersymmetric basis ( |2.15| ), ( |2.18| ) of the space tangential to A4 1+9 . With the decomposition 
Q2.15D J 8 becomes 



^8 = (H)- Jgf (X) = ^e ai ...^ A ... A D*_!^ jf^ D* A fW (x - X(£)) . 

(5.24) 



4 Note the difference of the manifolds involved into the r.h.s-s of (5.2C) and (5.1). This will be important for 
the supersymmetric case. 
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In Eq. (5.24) the only piece where the supersymmetric invariance is not manifest is <5 10 ( X — X(£) 



However, in terms of D9-brane world volume coordinates we arrive at 

■ft = ^ W^-n^i A . . . A IPs J _ f n^An¥ (,-x(()) , (5.25) 

2!8! x - 8 det(U. r -) Jm 1+1 

where the determinant in the denominator is calculated for the matrix UtT~ = d n X—(x) — 

idnS^e 1 - id n e 2 a^e 2 . ( p7) ). 



The manifestly supersymmetric expression for the exact dual current 9-form dJ% (|5.7| ) is 
provided by 

dJ 8 = (dx)^d m J mn (x) = -—^-(n)^ J fl^ 10 (x - x(r)) . (5.26) 

det{ll r ~) — JdM 1+1 

d m J mn (x) = -j n (x), j n {x) = f dx n (r)5 w (x - x(t)) . (5.27) 



6 An action for the coupled system 

In order to obtain a covariant action for the coupled system with the current form Jg, one more 



step is needed. Indeed, our lifting rules (M) with the density J$ (|5.4|), (5.18) are valid for a form 



£2 which is the pull-back of a form £2 living either on the whole D = 10 type IIB superspace 



(|5.2| ), or, at least, on the whole 10-dimensional worldvolume of the super-D9-brane ( 5.21 ). Thus 
imposing the identification ( |5.23| ) we can straightforwardly rewrite the Wess-Zumino term / B2 
and the boundary term of the superstring action f A as integrals over the super ~D9~brane world 
volume / J 8 A B 2 + / dJ 8 A A. 

But the 'kinetic term' of the superstring action 

/ Cos f Ie ++ AE~ (6.1) 

Jm 1+1 Jm 1+1 2 

with E ++ ,E defined by Eqs. ( [4.2| ) requires an additional consideration regarding the har- 
monics ( (4.3[ ), which so far were defined only as worldsheet fields. 

In order to represent the kinetic term ( |6.l[) as an integral over the D9-brane world volume 
too, we have to introduce a counterpart of the harmonic fields ( |4.3| ), ( [4.12 ) in the whole 10- 
dimensional space or in the D9-brane world volume 

v&(x) = {ug(x) t u—(x),vUx)) 6 50(1,9) (6.2) 

*£=(«£"><i") G Spin(l,9) (6.3) 

(see (P)-(pD). 

Such a 'lifting' of the harmonics to the super-D9-brane worldvolume creates the fields of an 
auxiliary ten dimensional SO(l,9)/(SO(l, 1) x SO (8)) 'sigma model'. The only restriction for 
these new fields is that they should coincide with the 'stringy' harmonics on the worldsheet: 
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Mm (»(£)) = &%,(£) : 

u^(x(0) = ^(o, u^r(x(o) = u^r(o, 4 k {x(0) = uUo (6.4) 

«£? (*(0) = *JJ(0, *& (*(0) = «£(0 (6-5) 



In this manner we arrive at the full supersymmetric action describing the coupled system of 
the open fundamental superstring interacting with the super-D9-brane (cf. (3.1)- fl3.10|) , (|4.l|) ): 



S= [ (£ w + J$ A £ IIB + dJ$ A A) 
JM 10 



1. 



U AW ^-det( V rnn + ^rrm) + Qs A ( dA - B 2 - -IF* MP F^) + ef AC \ W [(M) 

1 



M 1 



+ J 8 A -£ ++ A E~ - B 2 )+ / dJ 8 A A 

JA4 10 \2 / Jm 10 



7 Supersymmetric equations for the coupled system 

7.1 Algebraic equations 

The Lagrange multiplier Q§ and auxiliary field F mn are not involved into the superstring action 
( 4,28|) , while the harmonics are absent in the super-D9-brane part ( |3.1[) -( |3^ ) of the action 
(|6.6|). Thus we conclude that the algebraic equations ( 3.25| ), d3.26[ ), ( [4.19 ) are the same as in 
the free models. 



7.1.1 Equations obtained from varying the harmonics 

Indeed, variation with respect to the harmonics (now extended to the whole D = 10 space time 
or, equivalently, to the super-D9-brane world volume ( |6.2|) ) produces the equations 



J« A E i A E ±:k =0 ^ J« A E i = J 8 A IF^ui 







whose image on the worldsheet coincides with Eq. ( 4.19 ) [] 



(7.1) 



(7.2) 



3 The precise argument goes as follows: Take the integral of Eq. (7.1) with an arbitrary 10-dimensional test 



function f(X). The integral of the forms E l f\E + and E l f\E multiplied by arbitrary functions f(X) vanishes 

E 1 A E ++ f(X) = 0, / E 1 AE~~f{X) = 0. 

From the arbitrariness of f(X) then both 2-forms are identically zero on the world sheet E % /\E ++ = E % l\E~~ = 0. 



And from the independence of the pull-backs E ++ , E indeed (4.19) follows 
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Now it becomes clear why the basis E— ( 2.12 ) 
E±= (e ++ ,E— \E* 



E ±± =U^ui ± , 



E l = Whil 



(7.3) 



whose pull-back on the string worldsheet coincides with (4.4), is particularly convenient for the 
study of the coupled system. The dual basis V a Q2.24|) is constructed with the auxiliary moving 



frame variables (6.2), (^ 



V, 



Va = (V++,V__,V 

1 



u — V 



V 771) 



V- 



-u 



m++ 



Vjti, 



V; 



-U^Vr 



(7.4) 



TT _1 n 8 

11 m u n- 



The decomposition of any form on the basis ( 2.12| ), ( [7.4| ) looks like 

dQH 1 = E^V^O^ 1 + E?ViQ&, 

(E ±± V±± = E++V++ + E—V-) or 

E +qI = d&?v + = E^EpJ + E { E+ qI , 



E- qI = de^ 1 



^ = E ±± E^ + E>E7 qI 



(7.5) 



(7.6) 

(7.7) 



(cf. ( |2.23| )). Due to ( |7.2[ ), only the terms proportional to E ++ ,E survive in the pull-backs 
of (|7.5|)-(|7.7|) on the super string worldsheet 



d eaL(z) = e ±± (v ±± eaL) (x(0), 



E +qI = d@^'< 

E- qI = de^ 1 ', 



±± fr+ql 



M 



/«/ 



W^E. 



±± > 



±± fr-ql 



E**E. 



±± 



(7.8) 

(7.9) 
(7.10) 



An alternative way to represent Eqs. ( |7.8| ), ([7.S|), ( J7.10 ) is provided by the use of the current 
density (|5.18j) , fl5.25|) and the equivalent version (7.1) of Eq. ( |7.2| ) 



J 8 a dG^ = J 8 A J E ±± V ±± 9^(x), 



Js A E +qI = J« A d6^i 



m</ 



J« A J B ±± K 



±± jp+ql 



±± ) 



Js A £T« J = J« A dQi^v.Z = Js A J E ±± J B7i / . 



MS 



7 ±± 



(7.11) 
(7.12) 
(7.13) 



On the other hand, one can solve Eq. (7.1) with respect to the current density. To this 
end we have to change the basis II— — ► E- = II-u^, (see ( p,12| ) , ( |6.2| ) ) in the expression ( |5.25| ) 
(remember that det{u) = 1 due to (|6.2| )). Then the solution of ( [0| ) becomes 



Js 



1 



"(^) 



AS 



where 



det(U r -) 

(E X ) A8 



1 

2 Jmw 

1 
8! £ 



E ++ A E— 5 W (x - x(£)) , 



11...J8 pli 



£ 11 A . . . A £ l 



(7.14) 
(7.15) 
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is the local volume element of the space orthogonal to the worldsheet. The current form ( |7.14| ) 
includes an invariant on-shell superstring current 

J* = (E^jix), j(x) = ) f E+ + A E-5 W (x - x(0) • (7-16) 

2det(il r -) Jm 1+1 

Note that it can be written with the use of the Lorentz harmonics only. 

The supersymmetric covariant volume can be decomposed as well in terms of the orthogonal 
volume form 

(n) A10 = (£ ± ) A8 A-£ ++ A£— . (7.17) 



7.1.2 Equations for auxiliary fields of super D9 brane 

Variation with respect to the D9-brane Lagrange multiplier Qs yields the identification of the 

auxiliary antisymmetric tensor field F with the generalized field strength T of the Abelian gauge 

fields 

jr 2 = dA _ B2 = p 2 = X _ U m A u n F ^ _ (7 _ 18) 

On the other hand, from the variation with respect to the auxiliary antisymmetric tensor 
field F nm one obtains the expression for the Lagrange multiplier Q$ 



Qs = U^\V + F\(V + F)- 1 ** = - = [(r, + F)U^ 8 ^F nm , (7.19) 



where n A ^ is defined by ( |3.12 ) and (in a suggestive notation) 



[fa + F) JT] A8 **& = _L £ — x-.-ZI^ + F^II^ A ... A (r, + F^IF*. (7.20) 

The second form of ( |7.19| ) indicates that in the linearized approximation with respect to the 
gauge fields one obtains 

Qs = -n^F^ + 0{F 2 ) = ~~ * F 2 + 0(F 2 ), (7.21) 

where * denotes the D = 10 Hodge operation and 0(F 2 ) includes terms of second and higher 
orders in the field F nm . 



7.2 Dynamical bosonic equations: Supersymmetric Born-Infeld equations 
with the source. 

The supersymmetric generalization of the Born-Infeld dynamical equations 

dQ 8 + dCf z ~ m = -dJ 8 (7.22) 

follows from variation with respect to the gauge field. Here we have to take into account the 
expression for Qs ( [7.21 ), the identification of F with the gauge field strength (|7.18| ) as well as 



the expression for the D7-brane Wess-Zumino term 

dC WZ-D7 = e T A R ^ R = 5 =QjR2n+i = 2id Q2u A dQ lv A ®4 =o ^(2n+l). ( 7 . 23 ) 
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Let us stress that, in contrast to the free Born-Infeld equation ( |3.27|) , Eq. (|7.22| ) has a right 
hand side produced by the endpoints of the fundamental superstring. 

Variation of the action with respect to X— yields 

J 8 A M\ < + 

+2iJ 8 A (e 2 + A E 2 +u^ - E 1 . A E^u^) + 

+n^^ + ^(r, + F)" 1 ^ay^ A (d9 2 ^ - dQ^hf) A (dQ 2 ^ - d& le -h^-) + 

+dJ 8 A (—E^u^F^ + \e ++ u^ - \e—u+A = 0. (7.24) 



The first line of Eq. ( 7.24| ) contains the lifting to the super-D9~brane worldvolume of the 



2-form M\ (4. 15)) which enters the l.h.s. of the free superstring bosonic equations (|4.20|) 



M\ = 1/2ET- A f ++l - 1/2E++ A /~ l + 2iE l + A ^,,E x r - 2iE 2 + A 7 i,E 2 r . (7.25) 



The fourth line of Eq.( 7.24| ) again is the new input from the boundary. 



The second and third lines of Eq.( [7.24| ) vanish identically on the surface of the free fermionic 
equations of the free D9-brane and of the free superstring, respectively. These are the Noether 
identities reflecting the diffeomorphism invariance of the free D9-brane and the free superstring 



actions. Hence, it is natural to postpone the discussion of Eq. ( [7.24]) and turn to the fermionic 
equations for the coupled system. 

7.3 Fermionic field equations 

The variation with respect to G 2 produces the fermionic equation 

lCyf\v + F\(ri + F)" 1 ^a Rt _u A (dQ 2 ^ - dQ^-h^) = -2J 8 A K~ A d<d 2v - v + v+, (7.26) 

with the r.h.s. localized at the worldsheet and proportional to the l.h.s. of the fermionic 
equations of the free type IIB superstring (cf. ( [4.22 ) and remembering that d@ 2 - w + = E 2 ^~). 



The remaining fermionic variation 5Q 1 produces an equation which includes the form Jg 
with support localized at the worldsheet only: 

J 8 A (V+ A i?Vv " E ~~ A E2 t h £ v m) = °- ( 7 - 27 ) 

This equation is worth a special consideration. For clearness, let us write its image on the 
worldsheet 

E ++ A E l -v E - - E— A E 2 +hlv + = 0. (7.28) 

Contracting with inverse harmonics v q ~, v- - and using the 'multiplication table' of the harmon- 
ics ( ( [A . 7| ) ) we arrive at the following covariant 8 + 8 splitting representation for the 16 equations 
(|7\28|) : 



E ++ A E 1 - = E— A E 2 +h++ (7.29) 

E~ A E 2 + hqp = 0. (7.30) 
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Here 



h++ = vt-k^v 



m 



°pq 



fi u uq ' 



v P -h-rv + 



(7.31) 
(7.32) 



are the covariant 8 blocks of the image h of the Lorentz group valued (and hence invertible!) 
spin-tensor field h (glg)-(g2jD 



h. 



v f h l r v l r 



h h — 

U QP n qp 



(7.33) 



\'"qp "qp / 

Note that the source localized on the worldsheet of the open brane, as in ( 7.26| ) is charac- 
teristic for the system including a space-time filling brane. For the structure of the fermionic 
equations in the general case we refer to p2[ . 



8 Phases of the coupled system 



It is useful to start with the fermionic equations of motion ( 7.26| ), ( |7.29| ), fl7.30| ). 

First of all we have to note that in the generic phase there are no true (complete) Noether 
identities for the n-symmetry in the equations for the coupled system, as all the 32 fermionic 
equations are independent. 

8.1 Generic phase describing decoupled system and appearance of other 
phases 

In the generic case we shall assume that the matrix h qp {X(^)) = h qp (£) is invertible (det(h qp ) ^ 0, 
for the case det(h qp ) = see Section 7.3). Then Eq. (|7.30D implies E A E 2 + = and 



immediately results in the reduction of the Eq. (7.29): 

det(h qp ) / =^ 









The equations ( |8.l|) have the same form as the free superstring equations of motion ( 4.2l| ), 
(4.22). As a result, the r.h.s. of Eq. ( [7.26 ) vanishes 



det(h qp ) / =>- 

^\n + F\{r, + F)- 1 ^a^ A (d& 2 ^ - dQ^h*) = (8.2) 

which coincides with the fermionic equation for the free super-D9-brane ( |3.28j ). Then the third 
line in the equations of motion for X— coordinate fields (7.24) vanishes, as it does in the free 
super-D9-brane case ( |3.32j ). As the second line in Eq. ( 7.24[ ) is zero due to the equations ( jO| ) 
(e.g. E 2 + A E 2 + = (E^E^g) A {E^ E 2 + q ) = -2E~~ A E 2 + E 2 + q = 0), in the generic case 



(|8.1| ) the equations of motion for X field (|7.24| ) become 



det(h qp ) 7^ 
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dJ 8 A E— ( 1 - If ++ — )=0, (8.6) 



J 8 A M\ < + dJ s A (—E^u^Fw + \e++u~ - ^E—u+A = 0. (8.3) 

Contracting equation ( |8.3| ) with appropriate harmonics (§j), one can split it into three 
covariant equations 

J 8 A M| = ^d/ 8 A E^F^, (8.4) 

dJ 8 A £++ (l - ^F ++ — ) = 0, (8.5) 

1 
2 

where 

F TTi = u rn±± u ni Fmk] F ++ — = u 2k++ u «— F ^ ( 8 . 7 ) 

are contractions of the antisymmetric tensor field (gauge field strength) with the harmonics 

flU- 

The l.h.s. of the first equation ( |8.4j ) has support on the string world volume A4 + , while its 
r.h.s and all the equations (|8.5j), ( |8.6| ) have support on the boundary of the string worldsheet 
dM 1+1 only. 

An important observation is that the requirement for the superstring to have a nontrivial 
boundary dM 1+1 ^ implies a specific restriction for the image of the gauge field strength on 
the boundary of the string worldsheet 

3M 1+1 + =* F++ — \ dM l +1 = U^+iP'-FrrtnlgMX+x = 2. (8.8) 

Eqs. ( |S.§| ) can be regarded as 'boundary conditions' for the super-D9-brane gauge fields on 
1-dimensional defects provided by the endpoints of the fundamental superstring. Such boundary 
conditions describe a phase of the coupled system where the open superstring interacts with the 
D9-brane gauge fields through its endpoints. 

However, the most general phase, which implies no restrictions ( |8.8|) on the image of the 
gauge field, is characterized by equations dJ 8 A E = 0, dJs A E ++ = and dJ 8 = 0. This 
means the conservation of the superstring current and thus implies that the superstring is closed 

F++ "laMW #2 =► d/ 8 = => dM 1+1 = 0. (8.9) 

The equations decouple and become the equations of the free D9-brane and the ones of the free 
closed type IIB superstring. 

Hence to arrive at the equations of a nontrivially coupled system of super-D9-brane and open 
fundamental superstring we have to consider phases related to special 'boundary conditions' for 
the gauge fields on the string worldvolume or its boundary. The weakest form of such boundary 
conditions are provided by fl3,8|). 

Below we will describe some interesting phases characterized by the boundary conditions 
formulated on the whole superstring worldsheet, but before that some comments on the issues 
of K-symmetry and supersymmetry seem to be important. 
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8.2 Issues of n— symmetry and supersymmetry 
8.2.1 On k symmetry 



If one considers the field variation of the form ( 3.30J ) , ( |3,31| ) for the free D9-brane K-symmetry 



transformation, one finds that they describe a gauge symmetry of the coupled system as well, if 
the parameter k is restricted by 'boundary conditions' on the two dimensional defect (superstring 
worldsheet) 

«£(s(0) = &{£) = 0. (8.10) 

Thus we have a counterpart of the K-symmetry inherent to the host brane (D9-brane) in the 
coupled system. As the defect (string worldsheet) is a subset of measure zero in 10-dimensional 
space (D9-brane world volume) we still can use this restricted K-symmetry to remove half of 
the degrees of freedom of the fermionic fields all over the D9-brane worldvolume except for the 
defect. 

At the level of Noether identities this 'restricted' K-symmetry is reflected by the fact that 



the half of the fermionic equations (7.27) has nonzero support on the worldsheet only. 

For a system of low-dimensional intersecting branes and open branes ending on branes, 
which does not include the super-D9-brane or other space-time filling brane we will encounter 
an analogous situation where the K-symmetries related to both branes should hold outside the 
intersection. 



However, we should note that, in the generic case flB.l|), all the 32 variations of the Grassmann 
coordinates result in nontrivial equations. Thus we have no true counterpart of the free brane 
K-symmetry. Let us recall that the latter results in the dependence of half of the fermionic 
equations of the free superbrane. It is usually identified with the part (one-half) of target space 
supersymmetry preserved by the BPS state describing the brane (e.g. as the solitonic solutions 
of the supergravity theory). 

8.2.2 Bosonic and fermionic degrees of freedom and supersymmetry of the decou- 
pled phase 



As the general phase of our coupled system (pTT|) , ( |8.9| ) describes the decoupled super-D9-brane 
and closed type IIB superstring, it must exhibit the complete D = 10 type IIB supersymmetry. 
Supersymmetry (in a system with dimension d > 1) requires the coincidence of the numbers 
of bosonic and fermionic degrees of freedom. We find it instructive to consider how such a 
coincidence can be verified starting from the action of the coupled system, and to compare the 
verification with the one for the case of free branes. 

In the free super-D9-brane case the 32 fermionic fields 0- can be split into 16 physical and 
16 unphysical (pure gauge) ones. For our choice of the sign of the Wess-Zumino term (3.7) they 
can be identified with 0- and 0- , respectively. 



Then one can consider the equations of motion ( |3.2q ) as restrictions of the physical degrees 
of freedom (collected in 0^ ), while the pure gauge degrees of freedom ( 0^ ) can be removed 
completely by K-symmetry ( |3.30| ), i.e. we can fix a gauge 0^ = (see pC[). 
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A similar situation appears when one considers the free superstring model, where one can 
identify the physical degrees of freedom with the set of t~ = ©^ v ^,0 2 + = 0^ u„t ( 4,25| ), 



i 

while the remaining components 0*+ = 0^ v^, J = 0^ v^, are pure gauge degrees of 
freedom with respect to the K-symmetry whose irreducible form is given by ( 4.1 6| ) (see ( 4.24J )) . 
To calculate the number of degrees of freedom we have to remember that 

• pure gauge degrees of freedom are removed from the consideration completely, 

• the solution of second order equations of motion (appearing as a rule for bosonic fields, i.e. 
X*(£) = -X"*(r, a) ( |4,25 )) for n physical variables (extracted e.g. by fixing all the gauges) 



is characterized by 2n independent functions, which can be regarded as initial data for 
coordinates (X l (0,a)) and momenta (or velocities d T X l (0, a)), 

• the general solution of the first order equations (appearing as a rule for fermions, e.g. 
0,j _ (t, a), 0^ + (r, a)) is characterized by only n functions, which can be identified with 
the initial data for coordinates ( -~ (0, a), 0g + (O, a)) which are identical to their momenta 
in this case. 

In this sense it is usually stated that n physical (non pure gauge) fields satisfying the second 
order equations of motion carry n degrees of freedom (e.g. for X l (£) n = (D — 2) = 8), while 
n physical fields satisfying the first order equations of motion carry n/2 degrees of freedom (e.g. 
for ©J-(t,o-), 02+(t,ct) n/2 = 2(D-2)/2 = 16/2 = 8). This provides us with the same value 
8 for the number of bosonic and fermionic degrees of freedom for both the free super-D9-brane 
and the free type II superstring (8b + &f)- 



If one starts from the action of a coupled system similar to ( |6.6j ), the counting should be 
performed in a slightly different manner, because, as it was discussed above, we have no true 
n-symmetry in the general case. We still count 8 physical bosonic degrees of freedom related to 
the super-D9-brane gauge field A m (x) living in the whole bulk (super-D9-brane worldvolume) , 
and 8 physical bosonic degrees of freedom living on the 'defect' (superstring worldsheet) related 
to the orthogonal oscillations of the string X l (^). 

The 32 fermionic coordinate fields 0^ (x), 0^ (x) are restricted here by two sets of 16 equa- 
tions ( [7.26| ), ( |7.27| ), with one set ( [7.26| ) involving the fields in the bulk (and also the source term 
with support on the worldsheet) and the other ( f7.27|) with support on the worldsheet only. 

As the field theoretical degrees of freedom are related to the general solution of homogeneous 
equations (in the light of the correspondence with the initial data described above), the presence 
(or absence) of the source with local support in the right hand part of the coupled equations is 
inessential and we can, in analogy with the free D9-brane case, treat the first equation ( |7,26j ) 
as the restriction on 16 physical fermionic fields (say 0- (x)) in the bulk. As mentioned above, 
the coupled system has a D9-brane-like K-symmetry with the parameter k—(x) restricted by the 
requirement that it should vanish on the defect k^-(£) = k£(x(£,)) = 0. Thus we can use this 
kappa symmetry to remove the rest of the 16 fermionic fields (say 0- (x)) all over the bulk 
except at the defect. 
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Thus all over the bulk including the defect we have 8 bosonic fields, which are the components 
of A m {x) modulo gauge symmetries and 8 = 16/2 fermionic fields, which can be identified with 
the on-shell content of O- (x). 

On the defect we have in addition the 16 components O- (£), which are restricted (in the 
general case) by 16 first order equations (|8.1[) (or ( [4,21[) , (f4.22|) ) and, thus, carry 8 degrees of 
freedom. This is the same number of degrees of freedom as the one of the orthogonal bosonic 
oscillations of superstring X l {S,) = X— (£)^m(0- This explains why our approach to the coupled 
system allows to describe a decoupled super symmetric phase. 

It should be remembered (see Section 3.4) that the presence of boundaries breaks at least 
half of the target space supersymmetry. 

8.3 Phases implying restrictions on the gauge fields 

As mentioned in Section 8.1, the open fundamental superstring can be described only when 
some restrictions on the image of the gauge field are implied. The simplest restriction is given 
by Eq. (|8.8[) . But it is possible to consider the phases where (|8.8|) appears as a consequence of 
stronger restrictions which hold on the whole defect (string worldvolume) , but not only on its 
boundary. 

An interesting property of such phases is that there an interdependence of the fermionic 
equations of motion emerges. Such a dependence can be regarded as an additional 'weak' 
counterpart of the K-symmetry of the free superbrane actions. 

8.3.1 Phases with less than 8 dependent fermionic equations 

The dependence of fermionic equations arises naturally when the matrix h pq is degenerate: 

det(h qp ) =0 44> r h = rank(h qp ) < 8 (8.11) 

Then h qp may be represented through a set of 8 x r/, rectangular matrices S q 

h qp = (±)S q I S p I , q,p = l,...8, I = l,...r h , r h <8, (8.12) 

and Eq. ( [7.30| ) implies only r^ < 8 nontrivial relations 

0<r h <8 <& E— A E 2 + S/ = 0, I=l,...r h , (8.13) 

while the remaining 8 — r^ fermionic equations are dependent. 

The general solution of Eq. (8.13J) differs from the expression for the fermionic equations of 



the free superstring E A E 2 q = by the presence of (8 — r^) arbitrary fermionic two-forms 
(actually functions, as on the worldsheet any two-form is proportional to the volume E ++ f\E ) 

0<r h <8 & E—AE 2 + = R/$ 2 J I=l,...r h (8.14) 

where the 8 x (8 — r^) matrix R q is composed of 8 — r^ SO(8) 's-vectors' which complete the 
set of rh SO(8) s-vectors S q J to the complete basis in the 8 dimensional space, i.e. 

R q J S/ = 0. (8.15) 
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On the other hand, due to Eqs. (p. 14), (|8.12|), the R J are the 'null- vectors' of the matrix h pq 



h qp R p J = (8.16) 

Thus, they may be used to write down the explicit form of the 8 — r^ dependent fermionic 
equations 

rank(h qp ) = r h < 8 => (&— A £ 2 +) h qp R p J = 0. (8.17) 

8.3.2 Nonperturbative phase with 8 dependent fermionic equations. 

The case with the maximal number 8 of dependent fermionic equations appears when the matrix 
h gp vanishes at the defect (h qp = 0). As the complete matrix her (|7.33| ), fl3.20Q , ( 3.21 ) is 



Lorentz group valued ( 3.1SJ ) and, hence, nondegenerate (det(h^) / 0), this implies that both 



antidiagonal 8x8 blocks h„* , h^J~ are nondegenerate 



V = 0, => det(h-r)^0, det(h+ p + )^0. (8.18) 

In this case the fermionic equations ( |7.29| ) are satisfied identically and thus we arrive at 



the system of 16 + 8 = 24 nontrivial fermionic equations. The dependence of Eq. (7.29) for 



the gauge field subject to the 'boundary conditions' ( |8.18| ) (see ( [3,20D , ( 3.21 )) can be regarded 



as a counterpart of 8 K-symmetries. Thus it could be expected that ground state solutions 
corresponding to the BPS states preserving 1/4 (i.e. 8) of the 32 target space supersymmetries 
should appear just in this phase. 



It is important that the phase ( 8.18 ) is nonperturbative in the sense that it has no a weak 
gauge field limit. Indeed, in the limit F mn — ► the spin-tensor hjr~ ( 3.19J ), ( |3,20 ) should tend 



to unity hir = S^r + O(F). As v p ~v^Z = 5 pq (see Appendix A), the same is true for the 50(8) 



s-tensor h pq : h pq = 5 pq + 0(F). Thus the condition ( $.18 ) cannot be obtained in the weak field 



limit. This reflects the fact that nontrivial coupling of the gauge field with string endpoints is 
described by this phase. 

Another way to justify the above statements is to use ( |3.20| ), ( |3.21| ) with the triangle matrix 
(17331) 



h? = *,%%:( ° f) (8.i9) 

\ ' b qp n <iP J 



and the explicit 50(1, 1) x 50(8) invariant representation for <T-matrices (see Eq. ( A. 8 ) in the 
Appendix A) to find that h pq = implies (see Appendix C) 

F++ — = ^++^~4m = 2. (8.20) 

Thus we see again that there is no weak gauge field limit, as the image of at least one of the 
gauge field strength components onto the string worldsheet has a finite value in the phase (|8.18j ) . 
On the other hand, Eq. ( |S.20| ) demonstrates that the condition ( |8.8| ) holds on the boundary of 
the worldsheet. Thus one can expect that this phase provides a natural possibility to describe 
the nontrivial coupling of the open fundamental superstring with the D-brane gauge field. As 
we will prove below analysing the field equations, this is indeed the case. 
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In the 'nonperturbative phase' ( $-18 ) one of the fermionic equations ( [7.30| ) is satisfied iden- 
tically and thus we have only one nontrivial fermionic equation ( |7.29 ) on the string worldsheet. 
Using the consequences ( [7.9] ) of Eq. Q7.2|) the 2-form equation ( [7.29 ) can be decomposed as 



E++ A E— (E 1 . + E 2 +h+ + ) = 0. 



-q ■ ~++q "qq 

We find that it contains eight 0-form fermionic equations 



E 



rp2 + ? ++ 

' rj ++q n m 



5.21) 



3.22) 



Another version of Eq. ( S.22| ) is 

J 8 (E 1 _:.+E 2 + + q h+ q + )=0. (8.23) 

In the linearized approximation with respect to all fields except for the gauge field strength F 



(7i++ = 0{F)) the equation (|8.22[) becomes 



a__er 1 = -9 ++ e+ 2 A+ + . 



124) 



One should remember that the free superstring fermionic equations ( |4.21 ), (4.22) as well 
as the equations ( |7.29| ), ( |7.30 ) in the generic phase ( |8.1[ ) imply det(h qp ) ^ 0, = 



e; 



0, E + + = 0, whose linearized limit is d 

QJ l = @^ (++) ), e+ 2 = e+ 2 (e(")). 

The rest of the fermionic equations ( |7.26| ) 

n A9 



0, 9 4 



-ef 



with chiral fields as a solution 



7] + F\(ri + Fy 



-1 ?rm 



an^AfdG 2 ^ 



de^/i/ 



-2 J« A £~ 



A £ ,2+ u + 



5.25) 



-2J 8 A.E++ A J B 1 r( /l++ ) 



- 1 v + 



has a nontrivial source localized on the superstring worldsheet. It is just proportional to the 
expression which vanishes in the free superstring case and in the generic phase, but remains 
nonzero in the phase ( |8.18| ). 

hold (see Eq. ( 8.20D ). Using these relations, straight- 



In the present case the relations 
forward but tedious calculations demonstrate that the projections of Eqs. ( [7.24 ) for 5X— onto 
the harmonics uf^ 1 vanish identically here (these are Noether identities for reparametrization 
symmetry on the superstring worldvolume) , while the projection onto u^ results in 

J 8 A M l 2 = --dJ 8 A {E ++ F— 1 + E— F ++i ), (8.26) 

where F++ l ^F~~ l an d M\ are defined in Eqs. ( ^.7[ ) and (7.25) respectively. Eq. ( 8.26J ) differs 
from the one of the free superstring by the nonvanishing r.h.s., which has support on the bound- 
ary of the string worldsheet and describes the interaction with super-D9-brane gauge fields. 



The Born-Infeld equations has the form ( |7.22| ) (with ( |7.19| ), ( |7.18[) taken into account) and 
contains a nonvanishing source term —dJg. 

Thus, as expected, the phase ( 8.18; ) describes the open fundamental superstring interacting 
with the super-D9-brane. The ends of the superstring carry the charge of the super-D9-brane 
gauge field and provide the source for the supersymmetric Born-Infeld equation. Note that the 
source of the fermionic equations is localized on the whole worldsheet. This property is specific 
for the system including a space-time filling brane. 
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9 Conclusion and outlook 

In this paper we present the derivation of a complete set of supersymmetric equations for a 
coupled system consisting of the super-D9-brane and the open fundamental superstring 'ending' 
on the D9-brane. To this end we construct a current distribution form Jg which allows to write 
the action functional of superstring and D9-brane in similar forms, i.e. as an integral of a 
10-form over the 10-dimensional space, after the Grassmann coordinates of the superstring are 
identified with the images of the Grassmann coordinate fields of the super ~D9~brane. We prove 
supersymmetric invariance of J$. 

The proposed way to construct the action for the coupled system of superstring and space- 



time filling brane requires the use of the moving frame (Lorentz harmonic) actions [31, 14, 15 1 for 
the superstring. The reason is that its Lagrangian form (in distinction to the ones of the standard 
action pQ| ) can be regarded as pull-backs of some D-dimensional differential 2-form and, thus, 
the moving frame actions for the free superstring can be written easily as an integral over a D— 
dimensional manifold by means of the current density Jg. Just the existence of the moving frame 
formulation may motivate the formal lifting of the Lagrangian forms of the standard actions to 
D dimensions and their use for the description of the interaction with space-time filling branes 
and/or supergravity (see |25| for bosonic branes). 

We obtain a complete supersymmetric system of the equations of motion for the coupled sys- 
tem of superstring and super-D9-brane. Different phases of the coupled system are found. One 
of them can be regarded as generic, but describes the decoupled system of the closed superstring 
and the super-D9-brane, while one of the others corresponds to a 'singular' and nonperturbative 
'boundary condition' for the gauge field on the worldsheet. It describes the coupled system 
of the open superstring interacting with the D9-branes and implies an interdependence of the 
fermionic equations of motion which can be regarded as a weak counterpart of the (additional) 
At-symmetry. 

The method proposed in [^] and elaborated in this paper may also be applied to the con- 
struction of the action for a coupled system containing any number N2 of fundamental super- 
strings and any number N2k of type IIB super-Dp-branes (p = 2k — 1) interacting with the 
super-D9-brane. In the action of such a coupled system 

(4 N p —2k \ 



N 2 



£io = C% + £} + £>iq Z is the Lagrangian form of the super-D9-brane action (jO|)- (|3.4D , fl3.7l) . 
£3 represents the Lagrangian form (|4.1| ) for the s-th fundamental superstring lifted to the 
9-brane world volume as in ( |6.6| ), Jg is the local supersymmetric current density ( |5.18| ), ( |5.25| ) 
for the s-th fundamental superstring. The latter is constructed with the help of the induced 
map of the worldsheet into the 10-dimensional worldvolume of the super-D9-brane. Finally, 

(r) (r) 

C 2k an d Jio-2k are * ne supersymmetric current density and a first order action functional for 
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the r-th type IIB super-Dp-brane with p = 2k — 1 = 1,3,5,7. The supersymmetric current 

J 10-2k ~ \ ax )n 1 ...n 2k J \ x ) ~ 



density J$_ 2k 



dx mi A ... A dx mi °- 2k x 



" (10 - 2k)\{2k)\ mi - mw - 2kni - n2k 

x / dx (r)ni (C) A ... A dx^ n ™ (£)8 W (x - x (r) (£)) 



M 1+2k 



(9.2) 



n^i a ... a n^w-2fe 

X 



(10 - 2ife)!(2Jfe)! 2H-Sio-a*2i-2a* &*(![-) 

x / fl( r K (C) A ... A ftWaa* (C)<5 10 (x - xW (0) 

,/A/fl+l V ' 



/.Ml+1 

is defined by the induced map x m = x^ r > m (C i ) (rn = 0, ... 9) of the r-th Dp-brane worldvolume 
into the 10-dimensional worldvolume of the D9-brane, given by 

X {r ^{Q = X^ (x {r) {()) ^ x {r)m {() = x m (xW^(C)) . (9.3) 

The Lagrangian form C,2k of the first order action for the free super-Dp-brane with p = 2k can be 
found in |p2|. Certainly the form of the interaction between branes, which can be introduced into 



(r) 

£-2k °y t ne boundary terms requires a separate consideration (e.g. one of the important points 
is the interaction with the D9-brane gauge field through the Wess-Zumino terms of Dp-branes). 
We hope to return to these issues in a forthcoming publication. 

It is worth mentioning that the super-D9-brane Lagrangian from £i$ can be omitted form 
the action of the interacting system without loss of selfconsistency (cf. P2j| ). Thus one may 
obtain a supersymmetric description of the coupled system of fundamental superstrings and 
lower dimensional super-Dp-branes (p = 2k — 1 < 9), e.g. to the system of ./V coincident super- 



D3-branes which is of interest for applications to gauge theory [11, 12], as well as in the context 
of the Maldacena conjecture ]ff9J l, 

The only remaining trace of the D9-brane is the existence of a map ( p.3| ) of the super- 
Dp-brane (p < 9) worldvolume into a 10-dimensional space whose coordinates are inert under a 
type II super symmetry. Thus the system contains an auxiliary all-enveloping 9-brane ( '9-brane 
dominance'). This means that we really do not need a space-time filling brane as a dynamical 
object and, thus, may be able to extend our approach to the D = 10 type II A and D = 11 
cases, where such dynamical branes are not known. 

Another interesting direction for future study is to replace the action of the space-time 
filling brane by a counterpart of the group-manifold action for the corresponding supergravity 
theory (see |B0|). Such an action also implies the map of a D-dimensional bosonic surface into 
a space with D-bosonic dimensions, as the space time filling brane does. Thus we can define 
an induced map of the worldvolumes of superstrings and lower branes into the .D-dimensional 
bosonic surface involved in the group manifold action and construct the covariant action for the 
coupled system of intersecting superbranes and supergravity. 
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In this respect the problem to construct the counterpart of a group-manifold actions for the 



D = 10 type II supergravity |^T[ and duality-symmetric D = 11 supergravity [32 1 seems to be 
of particular interest. 
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Appendix A. Properties of Lorentz harmonic variables 

The Lorentz harmonic variables ufn, VfT parameterizing the coset 

£0(1,9) 

50(1,1)0 50(8) 

which are used in the geometric action like ( [4.1| ) for D = 10 superstring models. 
Vector harmonics 



In any number of space-time dimensions the Lorentz harmonic variables [45] which are appropri- 



ate to adapt the target space vielbein to the string world volume [14] are defined as 50(1, D — l) 
group valued D x D matrix 

/ J~l O \ / 777 I Ll>/ryj 777 777 \ 

*4 = (<»t4,<J = I ~ 2 ~ '"^ ~ 2 ~ J e 50(1, D-l), (A.l) 

& u^u^ = r]^ = diag(+l, -!,...,-!). (A.2) 



In the light-like notations 



7/i r I if II '' — 11 

g L "m ' m 9 "*m m /. „•, 

u m = 5 ' U m = 2" V A "JJ 




the flat Minkowski metric acquires the form 

& ufopk = rf* = jj 2 U I . (A.l) 

and the orthogonality conditions look like 

& -u++u ++ ^ = 0, u^u— ffi = 0, n++u— ^ = 2, 

<u ++2i = 0, ulu ++m = 0, <y^ = -5 ij . 

A2. Spinor Lorentz harmonics 

For supersymmetric strings and branes we need to introduce the matrix V/T which takes its 
values in the double covering Spin(l,D — 1) of the Lorentz group SO(l,D — 1) and provides 
the (minimal) spinor representation of the pseudo-rotation whose vector representation is given 
by the vector harmonics u (spinor Lorentz harmonics [|5^, ^, [H]]). The latter fact implies the 
invariance of the gamma-matrices with respect to the Lorentz group transformations described 
by u and v harmonics 

vl G Spin(l,D-l) & «4l| = ifliA u^Tf = v^v^. (A.5) 

In this paper we use the D = 10 spinor Lorentz harmonic variables V/T parameterizing the 
coset Spin(l,9)/[Spin(l,l) x 50(8)] pi] , which are adequate for the description of D = 10 
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superstrings. The splitting ( |A.1| ) is reflected by the splitting of the 16 x 16 Lorentz harmonic 
variables into two 16 x 8 blocks 



v l r=(v+,v ud ) 



n ' m ■ 



Va- = {Vg-,V 4 -), 
Va V/j, — Oa > 



G 



Spin (1,9) 
Spin(l, 9) 



v QL £ - X v 



£/T> 



■i^ 



(A.6) 



«p _ V 



Jpqi 



+P - 
V P~ V M 



Opq, 



V A ~V 



+ — n — ~^ - 

;0 — U — v Q V tm 1 



i-iq 



M' 



u q u fiq ~ u q L >g 



(A.7) 



To write in detail the relations (A. 5) between spinor and vector Lorentz harmonics we need 
the explicit 50(1, 1) x SO (8) invariant representation for the D = 10 Majorana-Weyl gamma 
matrices a- 



cr 



aj3 



diag(5 qp , 6, 



qp, "qp) 



~0o/3 



cr 



a/3 



diag(5 qp , -5, 



qp, "qp) 



_~9_«l 



J aj3 



o -, 



qp 




_ d i*l 



o+J = (pS- + a%p = diag( 25 qp , 0) = -(a -- a 9 -)^ = a~ &, 

<V = (°~ " r£ )^ = *O0( 0, 2^) = (c£ + cf&)S£ = a ++ &, 

where ^f q = 7_ are 8x8 chiral gamma matrices of the SO (8) group. 
Substituting flO) we get from (O) p|, pi, 111 



++ m _ 
u m u p.v_ 


■^ V fiq V iiq 1 


u++<^ ^ = 


2v q ~ V q ~ 


u — a— - 


2V M V pq> 




2V,J -U g -, 


u* 0-— - 
"•my ixv 


2v &&4 v iM> 


u m (J — — 


~2Ug E Y qq V^ E} 




""vtiiqq "q " 


rnVq — V q ffm 


v + 
-q ' 


V'm *pq = ^g @rnVp 


u m "pq = 


VjajnVj. 



(A.« 



(A.9) 



The differentials of the harmonic variables are calculated easily by taking into account the 
conditions ( |A.1| ), ( A.6 ). For the vector harmonics this implies 



dvt u m + u ^du: 



amj„.b 



whose solution is given by 

du£ = u£nf(d) o 



"' u rn 






(A.10) 
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where 



r\ a m j a 

il b - = u^du^ 



UJ 





hf-'idy 



V2 



-uJ 



k / ++l (rf) 



acn 6 



/)« 



V^ 



a6 _ v ac n j> = _ n ba ( A n 



V^" 1 "^) vV"^) ^"( d ) 



are S0(1, D — 1) Cartan forms. They can be decomposed into the SO(l, 1) x SO(8) covariant 
forms 



r+ - i = u+ + du^ 



f— 1 = u^du^, 
parameterizing the coset gon i{ x 'so(8^ ' ^ ne ^0(1, 1) spin connection 



1 __, 
w = 2 U n± d "' 



m ++ 



and 5*0(8) connections (induced gauge fields) 

A ij = u^du^ j . 
The Cartan forms ( |A.ll ) satisfy the Maurer-Cartan equation 



)a b oa 



\cb 



(M* 5_s]£ A o» = 



(A.12) 
(A.13) 

(A.14) 
(A.15) 

(A.16) 



which appears as integrability condition for Eq. flA.lO ). It has the form of a zero curvature 
condition. This reflects the fact that the £0(1,9) connections defined by the Cartan forms 
( A.ll| ) are trivial. 



The Maurer-Cartan equation (A.16) splits naturally into 

Vf ++l = df ++l - f ++i Awl /++■?' A A ji = 

VT~ l = df~ l + /"' Awl f— j A A ji = 
1 



n = dw = -f— { a f ++i 

& = dA* j + A ik A A k i = -/"I* A / 



+3] 



(A.17) 

(A.18) 
(A.19) 
(A.20) 



giving rise to the Peterson-Codazzi, Gauss and Ricci equations of classical Surface Theory (see 
1§). 

The differentials of the spinor harmonics can be expressed in terms of the same Cartan forms 

(CTHCT) 

duf = \n& vl (a^)/. (A.21) 



Using (gjl) we can specify (|A2lD as (cf. pTJ ) 



v n ~dv + 



i± , - foP ~ l^^pq, 



1 



v r dv M 



._S m uj - -A^fipq, 



vT-dv + = - f ++ V ■ 



1 



V q-dv^=^f "■), 






(A.22) 

(A.23) 
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Note that in D = 10 the relations between vector (v— ), c-spinor and s-spinor representations of 
the 50(8) connections have the completely symmetric form 

A - - A^rjo A ■ ■ — - /TW-? • ■ 

pg ~ 4 ' pq ' pq ~ 4 ' P9 ' 



_ A rJ-3 - _ 

^SlpqJ pq — ^ 

This expresses the well known triality property of the SO (8) group (see e.g. j2(| and refs therein). 



■"■ ' A PI' PI ~~ A PI' PI' 



Appendix B. Linearized bosonic equations of type I IB super- 
string 



Here we present the derivation of the linearized bosonic equations ( 4.2 7| ) of the superstring from 
the set of equations (|4.19|) , (gjgjj ). 



In the gauge (4.24|), ([4.23|) fermionic inputs disappear from Eq. ((4.20|). Moreover, in the 



linearized approximation we can replace E^ by the closed form d£ ±=l: (holonomic basis for the 
space tangent to the worldsheet) and solve the linearized Peterson-Codazzi equations ( A.17|) , 



df++ l = 0, df—t = (B.l) 

in terms of two S'0(8)~vector densities k ++t ,k~~ l = (infinitesimal parameters of the coset 
50(1,9)/[50(1,1) x SO(8)}) 

f ++l = 2dk ++ \ f— 1 = 2dk—\ (B.2) 

Then the linearized form of the equations ( [4.19 ), (|4.20| ) is 



dX i - i ++ dk— 1 - C l dk ++l = 0, (B.3) 

d£~-* A dk ++i - d£ ++ A dk—' L = 0. (B.4) 



Eq. (B.4) implies 

d ++ k ++l + d—k— * = o, 

while the integrability conditions for Eq. ( |B.3| ) are 

dC~ l A dk ++l + d£ ++ A dk~ { = 0. -► d++k ++i - a__AT~ * = (B.5) 

Hence we have 

d ++ k ++i = d—k— i = 0. (B.6) 

Now, extracting, e.g. the component of ( |B.3| ) proportional to d£ ++ and taking into account 
( |B.6| ) one arrives at 

d ++ X l = £ ++l d ++ k—\ (B.7) 

The d derivative of Eq. ( [B.7D again together with Eq. ( |B.6| ) yields a relation which includes 

the X % field only 

d—d ++ X i = £ ++i d ++ d—k— 1 = (B.8) 



and is just the free equation (4.27). 
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Appendix C: The gauge field of D9-brane described by block- 
triangular spin-tensor h 



Here we will present the nontrivial solution of the characteristic equation (|3.20| ) for the spin- 
tensor h of the triangle form ( 8.1S| ) 



hf = vfhfhf=( % ++ k f) 6 Spin(l,9). (C.l) 

It corresponds to the SO (1,9) valued matrix (cf. (|3.21| )) 

^s^^Vsf ^l^ ,K, k * + Z k - ) e SO(l,9) (C.2) 



with the components 

k+ + = -5--k ++ \- 

(1_ r\ (1_ 



(C.3) 



,++ 2 fc++Jfc++J _ , 2fc^fc++J 

K = \K~ k++i - 5 i kJi - ( c - 5 ) 



The matrix k^ , entering ( C.4j ), ( |C.5| ), takes its values in the SO (8) group: 



k ik k jk = gij ^ k ij € so(8) _ (c>6) 

The nonvanishing 8x8 blocks of the 16 x 16 matrix h ( |C.1| ) are related with the independent 
components k ++ \ ++ , k ++i , k ij G 50(8) of the matrix ( [021 ) by 

2 

"gs "ps = UqV u++\++ ' (C<) 

. k ij k ++j 
h qi h qi = - 7 ^ 2fc++|++ , (C8) 

^£ + = **— 2~ > (C-9) 

^gs/ipi = #gp 2/fc++l++ ' (CIO) 

^7L h-r = - lqq ki\ (C.ll) 

2^7^)* = S q pk ++i . (C.12) 

These equations are produced by Eq. ( |3.20 ) in the frame related to the harmonics fl4.3| ), Q4.12J ) 



of the fundamental superstring. 

The expression connecting the independent components k ++ ' ++ , k ++l , k^ G SO (8) of the 



matrix ( C.2 ) with the components of the antisymmetric tensor F (which becomes the field 



strength of the gauge field of the super-D9-brane on the mass-shell) 

Fab = u a a F ab u\ = -F ba = (F-\ ++ ,F ++ \F-\F^) 
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can be obtained from Eq. ( |3.21| ) in the frame related to the stringy harmonics 

F~ l++ = 2, (C.13) 

F ++i = --k ++ \ ++ F—\ (C.14) 

F— j k ji = F— 1 ^ F— j {5 ]i - k ji ) = 0, (C.15) 

F —i k ++i = 4j (C.16) 

F— i k ++j k ++j = -4k ij k ++j - AF ij 'k j ' j k ++j = -4{6 ij + F ij )4k jj 'k ++j ', (C.17) 

F ij '(S j ' j - k j ' j ) = -(5 ij + k ij ) + -F— i k ++j . (C.18) 

In particular, the above results demonstrate that Eq. h pq = ( (|8.18|) or (|C.1| )) indeed implies 
(|^20|) (see (OH))- 
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